WORKING PAPER
N° 2011 - 9

What is the Natural Weight of the Current Old ?
DAMIEN GAUMONT, DANIEL LEONARD

www.tepp.eu
TEPP - Institute for Labor Studies and Public Policies
TEPP - Travail, Emploi et Politiques Publiques - FR CNRS 3126

ISSN 2110-5472

What is the Natural Weight of the Current Old ?

∗

Damien Gaumont
ERMES (UMR 7181 CNRS), Institute for Labor Studies and Public Policies, (FR 3126 CNRS),

Université Paris 2,

Daniel Leonard
Flinders Business School, Flinders University, Adelaide, Australia

January 23, 2009

Abstract We consider a simple overlapping generations model with an externality à la
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Introduction

The overlapping generations model of Allais (1947), Samuelson (1958) and Diamond (1965) is
ideally suited to the exploration of inter-generational issues. For a more recent and thorough
presentation of these models, see De la Croix and Michel (2001).
Most models assume that agents live for two periods hence an objective measure of time
is inherent to the model. The length of one period is usually taken to be 20 or 30 years; the
training of the young may or may not be explicitly modelled. Temporary equilibria and intertemporal equilibria are analyzed and a role for government intervention appears naturally
if market imperfections such as externalities are present; public finance issues can also be
considered.
Here, contrary to most of the litterature on overlapping generations models and growth
we do not focus on either the stationnary equilibrium or the welfare of all generations from
the present onwards. Our argument is that if government intervention is warranted, the
proposed policies should be acceptable to people who are alive at the time. Policies that
optimize over the very long run but lower the welfare of the current generation — compared
with the status quo of no intervention at all — have little chance of being adopted. Hu (1979,
p. 283) was well aware of this point. Therefore the government criterion will be the welfare
of people alive in period 0.
We begin with a standard Diamond-like model with an externality of the learning-bydoing type (Arrow (1962), Sheshinski (1967) and Romer (1986)). The aggregate stock of capital
has a beneficial effect on the efficiency of production by each firm. This externality can be
internalized through governement intervention in the form of fiscal policies.
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The Individuals

Individuals live for two periods: in the first period they consume, save and inelastically supply one unit of labor. In the second period they live off the revenue from their savings. There
is no population growth, Lt = Lt−1 = L. ct and dt are the consumptions of young and old,
respectively, in period t; st is savings, (1 − θt )wt is the net wage rate, θt is the rate of tax on
wage income and Rt is the rent of capital. β is the discount factor. An individual born in
period t solves the following programme:
max u(ct ) + βu(dt+1 )

(1)

subject to ct + st = (1 − θt )wt

(2)

ct ,dt+1
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(3)

dt+1 = Rt+1 st
The optimality condition is
u0 (ct ) = βRt+1 u0 (dt+1 )
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(4)

The Firm

The production function exhibits constant returns to scale to the factors hired by the firm but
there is an externality. The firm hires lt units of labor and produces qt units of good with kt
units of capital; B(Kt ) represents the externality where Kt is the total stock of capital
(5)

qt = B(Kt )F (kt , lt )
where F is homogeneous of degree one.

(6)

qt = lt B(Kt )f (kt /lt )
Normalizing the size of the firm at lt = 1, we have:
qt = B(Kt )f (kt ) = B(Lkt )f (kt )

(7)

π(kt ) = B(Lkt )f (kt ) − wt − (Rt − τt )kt

(8)

The firm maximizes profit

where τt is a governement subsidy designed to internalize the externality. Therefore
Rt = τt + B(Lkt )f 0 (kt )

wt = B(Lkt ) f (kt ) − f 0 (kt )kt


(9)



(10)

An informed government would choose
τt = LB 0 (Lkt )f (kt )

(11)

Capital depreciates entierely in one period, hence the dynamics of the economy are given
by
kt+1 = st

3

(12)
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The Government

The governement budget constraint for any fiscal scheme (θt , τt ) is, for each period,
θwt = τt kt

(13)

Therefore we can express one of the taxes in terms of the other.
The governement objective is to maximize the welfare of people who are alive at the time.
Therefore, it takes into account the utility of the old and young in period zero, plus the utility
of those who will be old in period one. In the existing litterature all individuals are given
the same weight — except for the discount factor. Sometimes the utility of the young born in
period −1 (hence those who are old in period 0) is also included, but treated as exogenous,
therefore irrelevent. See for instance De la Croix and Michel (2001), p. 91. This seems like
a natural assumption for individuals who live for two periods. However a single period is
included for the old of period 0. Therefore we introduce a ponderation of their utility in the
government objective 1 .
The analysis proceeds as follows: First, find a tax scheme that satisfies the budget constraint (13) and maximizes the government welfare criterion
W = ηu(d0 ) + u(c0 ) + βu(d1 )

(14)

This tax system depends on the ponderation η of the old. Secondly use the efficient subsidy
from equation (11) and the government budget constraint in (13) to characterize θt . Rationalizing both results yields a condition on η.
It is the contention of this note that this weight is naturally different from 1. In order to
make our argument simple and concise we now turn to a special case of the model.
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A Simple Case

We consider the case of logarithmic utility and Cobb-Douglas production. Therefore conditions (4), (7), (9), and (10) become, respectively,
dt+1 = βRt+1 ct

(15)

qt = Lσ ktσ ktα

(16)

where 0 ≤ σ ≤ 1 measures the strength of the externality.
Rt = τt + αLσ ktσ+α−1
1

They have contributed the current stock of capital by their savings in the previous period.
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(17)

wt = (1 − α)Lσ ktσ+α

(18)

The governement objective is to maximize welfare function, i.e.:
(19)

W = η ln(d0 ) + ln(c0 ) + β ln(d1 )
We use (13) to eliminate τt from our calculations and easily obtain
d0 = [α + (1 − α)θ0 ] Lσ k0α+σ

(20)

c0 = (1 − θ0 )(1 − α)Lσ k0α+σ

(21)

d1 = βR1 c0
d1 =

βR1
(1 − θ0 )(1 − α)Lσ k0α+σ
1+β

(22)

with
σ

R1 = [α + (1 − α)θ1 ] L



β
(1 − α)(1 − θ0 )Lσ k0α+σ
1+β

α+σ−1

(23)

Irrespective of the length of the horizon adopted by the government as its guiding criterion it
is inevitable that the last θ value included, θ1 here, will only tax the young of the last period,
whose utility is not included in the criterion. It appears as the expected return on savings
of the previous generation; therefore the highest value would be selected. This is clearly
unreasonable and a dynamic structure must be imposed on θt . (This problem is avoided
when the horizon is infinite and there is no last period.) Here we choose the simplest form:
θt = θ, ∀t . (We shall see later that this is a wise choice.)
The first step is to characteize the θ value that maximizes (19):
(β + η)(1 − α)
1 + β(α + σ)
=
α + (1 − α)θ
1−θ

(24)

Therefore the welfare-maximizing θ value is
θ? =

β [1 − α(1 + α + σ)] − α(1 + η)
(1 − α) [1 + β(α + σ) + β + η]

(25)

This welfare-maximizing tax depends on the parameters of the problem, including the weight
of the old generation η, which has so far been exogenously selected.
Secondly, we do have additional information on the correct choice of θ. The efficient value
of τt that internalizes the externality is (from (11) and (16))
τt = σLσ ktσ+α−1
5

(26)

When combined with the government budget constraint (13) and (18) we obtain
θt =

σ
1−α

(27)

Therefore the efficient choice of θ is known and it is aslo constant — as foreshadowed. Combining (27) and (25) we find that there is only one value of η that is consistent with both. It
depends on the strength of the externality and we denote it by ησ :
ησ =

(α + σ)(1 + (α + σ)β)
−β
1−α−σ

(28)

In the special case of no externality, there is no need for government intervention, as (27)
makes clear, and the ”natural” η value is
η0 =

α(1 + αβ)
−β
1−α

(29)

The expression in (29) is always less than 1 for sensible values of α ∈ [0, 1/2]. There is a similar
result for (28) but α + σ ∈ [0, 1/2] cannot be assumed. However, the assumption of η = 1 is
obviously unjustified, even in one of the simplest versions of an overlapping generations
model.
The expressions in (28) and (29) clearly depend on the features of the model as well as
on the length of the horizon selected by the government. Calculations in cases when W also
includes terms such as ln(c1 ) and ln(d2 ) yield expressions similar to (28) and (29). Another
type of production function such as qt = Akt + Bt lt , with Bt = Lσ ktσ also yield simple results.
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Conclusion

We have shown that the ”natural” value of the weight of the current old, that is, the value of
η that reconciles the maximization of the chosen welfare function with the use of the efficient
externality-correcting tax is less than 1.

6

References
Allais, M. (1947) Economie et Intérêt , Imprimerie Nationale, Paris.
Arrow, K. (1962) The economic Implications of Learning-by-Doing, Review of Economic
Studies, Vol.29 pp. 155-173.
De La Croix, D., and Ph. Michel (2002) A Theory of Economic Growth: Dynamics and
Policy in Overlapping Generations, Cambridge University Press.
Diamond, P. (1965) National Debt in Neoclassical Growth Models, American Economic Review, Vol.55 pp. 1126-1150.
Hu, S.C. (1979) Social Security, the Supply of Labor and Capital Accumulation, American
Economic Review , Vol.69 pp. 274-284.
Romer, P. (1986) Increasing Returns and Long Run Growth, Journal of Political Economy,
Vol.94(5) pp. 1002-1037.
Samuelson, P.A. (1958) An Exact Consumption-Loan Model of Interest with or without
the Social Contrivance of Money, Journal of Political Economy, Vol.66 pp. 467-482.
Sheshinski, E., (1967), ”Test of the Learning by Doing Hypothesis,” The review of Economics
and Statistics, Vol. 49(4), 568-678.

7

TEPP Working Papers 2010
10-1. Are young French jobseekers of ethnic immigrant origin discriminated against? A
controlled experiment in the Paris area
Emmanuel Duguet, Noam Leandri, Yannick L’Horty, Pascale Petit
10-2. Couple’s Work Hours, Satisfaction and reconciling Work and family Life
Nathalie Georges, Dominique Méda, Danièle Trancart
10-3. Housing ownership, social housing and unemployment: an econometric analysis of
the Paris area
Emmanuel Duguet, Yannick L’Horty, Florent Sari
10-4. Do Public Subsidies Have an Impact on New Firm Survival? An Empirical Study
with French Data
Lionel Désiage, Richard Duhautois, Dominique Redor
10-5. The effect of social security payroll tax reductions on employment and wages: an
evaluation of the 2003 French reform
Matthieu Bunel, Fabrice Gilles, Yannick L’Horty
10-6. What are Entrepreneurs’ Objectives When Starting a New Business?
Lionel Désiage
10-7. Health and Early Retirement: Evidence from French Data for individuals
Thomas Barnay, Karine Briard
10-8. Ageing, chronic conditions and the evolution of future drugs expenditures
Thomas Barnay, Sophie Thiébaut, Bruno Ventelou
10-9. Entrepreneurial motives and performance: Why might better educated
entrepreneurs be less successful?
Arnab Bhattacharjee, Jean Bonnet, Nicolas Le Pape, Régis Renault
10-10. Returns to firm-provided training in France: Evidence on mobility and wages
Arnaud Chéron, Bénédicte Rouland, François-Charles Wolff
10-11. Taxation of early retirement windows and delaying retirement: the French
experience
Pierre-Jean Messe

10-12. Pre Entry Motives into Entrepreneurship and Post Entry Entrepreneurial
Orientation
Jean Bonnet, Nicolas Le Pape
10-13. Hiring Practices, Employment Protection and Temporary Jobs
Anne Bucher
10-14. Young-in Old-out: a new evaluation
Michela Bia, Pierre-Jean Messe, Roberto Leombruni
10-15. On the impact of the TFP growth on the employment rate: does training on-thejob matter?
Eva Moreno-Galbis
10-16. The dynamics of youth labor market integration
Anne Bucher
10-17. Fostering the potential endogenous development of European regions: a spatial
dynamic panel data analysis of the Cohesion Policy on regional convergence over the
period 1980-2005
Salima Bouayad-Agha, Nadine Turpin, Lionel Védrine
10-18. Cost-saving or Cost-enhancing Mergers: the Impact of the Distribution of Roles
in Oligopoly
Nicolas Le Pape, Kai Zhao
10-19. Bankruptcy Risk, Product Market Competition and Horizontal Mergers
Bernard Franck, Nicolas Le Pape
10-20. Endogenous Job Destructions and the Distribution of Wages
Arnaud Chéron, Bénédicte Rouland
10-21. Employment Protection Legislation and Adverse Selection at the Labor Market
Entry
Anne Bucher, Sébastien Ménard

TEPP Working Papers 2011
11-1. The French "Earned Income Supplement" (RSA) and back-to-work incentives
Denis Anne, Yannick L’Horty
11-2. The effect of place of residence on access to employment: a field experiment on
qualified young job applicants in Ile-de-France
Yannick L’Horty, Emmanuel Duguet, Loïc du Parquet, Pascale Petit, Florent Sari
11-3. Why is there a faster return to work near the border?
Jonathan Bougard
11-4. Residential Discrimination and Ethnic Origin: An experimental assessment in the
Paris suburbs
Emmanuel Duguet, Yannick L’Horty, Pascale Petit
11-5.The Fateful Triangle : Complementarities between product, process and
organisational innovation in the UK and France
Gérard Ballot, Fathi Fakhfakh, Fabrice Galia, and Ammon Salter
11-6. How important is innovation? A Bayesian factor-augmented productivity model on
panel data
Georges Bressona, Jean-Michel Etienne, Pierre Mohnen
11-7. Fiscal Shocks in a Two Sector Open Economy
Olivier Cardi, Romain Restout
11-8. Productivity, Capital and Labor in Labor-Managed and Conventional Firms
Fathi Fakhfakh, Virginie Pérotin, Mónica Gago

The TEPP Institute
The CNRS Institute for Labor Studies and Public Policies (the TEPP Institute,
FR n°3126 CNRS) gathers together research centres specializing in economics and sociology:
•

the Centre d'Etudes de l'Emploi (Centre for Employment Studies), CEE, Public
Administrative Organization, under the leadership of the Ministers of Work and
Research

•

l'Equipe de Recherche sur les Marchés, l'Emploi et la Simulation (Research Team
on Markets, Employment and Simulation), ERMES, University of Paris II PanthéonAssas

•

the Centre d'Etudes des Politiques Economiques de l'université d'Evry (Research
Centre focused on the analysis of economic policy and its foundations and
implications), EPEE, University of Evry Val d’Essonne

•

the Centre Pierre Naville (Research on Work and Urban Policies), CPN, University
of Evry Val d’Essonne

•

l'Equipe de Recherche sur l'Utilisation des Données Temporelles en Economie
(Research Team on Use of Time Data in Economics), ERUDITE, University of ParisEst Créteil and University of Paris-Est Marne-la-Vallée

•

the Groupe d'Analyse des Itinéraires et des Niveaux Salariaux (The Group on
Analysis of Wage Levels and Trajectories), GAINS, University of the Maine

The TEPP Institute brings together 147 researchers and research professors and 100 PhD
students who study changes in work and employment in relation to the choices made by firms
and analyse public policies using new evaluation methods.

www.tepp.eu

